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Abstract. We prove that small perturbations of a real analytic integrable Hamil- 
tonian system in d degrees of freedom generically have biasymptotic orbits which are 
obtained as intersections of the stable and unstable manifolds of invariant hyperbolic 
tori of dimension d - 1. Hence, these solutions will be forward and backward asymp- 
totic to such a torus and not to a periodic solution. The generic condition, which is 
open and dense, is given by an explicit condition on the averaged perturbation. 

1. I n t r o d u c t i o n  

A per turbat ion of an integrable Hamiltonian system has generically an 

invariant hyperbolic torus. This torus, which does not exist in the unper- 

turbed system, is present in the averaged system (for a generic pertur- 

bation) and its persistence to the per turbed system follows from general 

results on conservation of invariant hyperbolic tori as is shown in [1,2,3] 

see also [4] for a somewhat different approach using centermanifolds. 

In general we don' t  know anything about the global behavior of the 

stable and unstable manifolds, not even for the averaged system. Some 

conditions which assure the intersection of these manifolds for hyper -  

bolic periodic orbits have been obtained by variational methods [5] but 

these do not apply( at least not in any immediate way, to our problem. 

The situation is different, however, when the hyperbolic torus is of 

dimension d - 1  because then the averaged system is integrable and global 

information is available. In the non-degenerate si tuation - i.e. the hy- 

perbolicity does not go to zero with the per turbat ion L the intersection, 

and splitting, and transversality, of the stable and unstable manifolds 
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58 L.H. ELIASSON 

is a pure per turbat ion problem. For a sufficiently small per turbat ion of 

such a system the intersection, and splitting, and transversality can be 

detected by a Poincar~-Melnikov-integral - [6,7,8]. Our problem how- 

ever is degenerate since the  averaged system depends on the perturba-  

tion parameter  - in part icular the hyperbolicity of the averaged system 

goes to 0 with the per turbat ion - and therefore the  problem is not purely 

perturbative.  This phenomenon is often referred to as "exponentially 

small splitting" and is described in for example [9]. 

The degenerate problem that  we have described can be handled for 

symplectic mappings in the plane by an argument  using area-preserva- 

tion originally due to Poincar~ - see for example [10]. Instead of area- 

preservation, which makes no sense in our problem, we shall exploit the 

exactness of the  Hamiltonian flow. A general formulation of such an 

intersection proper ty  has been given in [11]. Using these more global 

ideas we shall prove the  intersection of the stable and unstable manifolds 

along at least d different orbits - this will hold under  the  only condition 

tha t  the averaged system has a hyperbolic structure.  

Statement o f  theorem A 

Consider in the symplectic space (T d • R d, Edxi A dyi) the integrable 

Hamiltonian vector field JVHo given by the analytic function 

 o(y) = y) + (My, y )+  O3(y). (1) 

defined near y = 0 in ]~d where M is an ant isymmetr ic  mat r ix  and ( .,. ) 

is the scalar product  in ]~d. 

The torus y = 0 is invariant and we shall assume tha t  it is a resonant 

torus with a single resonance but  otherwise diophantine: 

=0, 
I<n, > Klnl- , n c zd\{no }, (2) 

for some ~- > d - 2, K > 0. The non-degeneracy condition is 

det M ~ 0 and (Mno, no) ~ 0 positive say. (3) 

This system has no hyperbolicity at all so we must  get it from the 
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BIASYMPTOTIC SOLUTIONS 59 

perturbation. Let H(x ,  y) be analytic and let 

f ( x ) = f g ( x ) =  lira 1 fo T T - ~  T H ( x  + to~, O)dt. 

f is analytic and invariant under x -+ x+taJ, t c R, and we shall assume 

that  
f has a unique maximum (rood RcJ) at some point p, 

(4) 
f"(p) has a strictly negative eigenvalne. 

TheoremA.  Under the above assumptions there exists a positive constant 

eo - depending on Ho and H - such that if c 2 < Co, then the system 

Ho + e2 H has an invariant hyperbolic torus whose induced vector field is 

analytically conjugate to a Kronecker flow with frequency vector w and 

whose stable and unstable manifolds intersect alon 9 at least d different 

orbits. 

We have made a certain number of choices of signs in the formulation 

of this theorem: of (Mno, no}; of the perturbat ion parameter e2; of the 

sign of the non-zero eigenvalue of f"(p). They can be made differently 

but what is important  is that  the sign of (Mno, no) and the sign of the 

non-zero eigenvalue of the averaged perturbat ion (i.e. of e2f"(p)) are 

different. 

In the case of non-autonomous quasi-periodic perturbations of one 

degree of freedom Hamiltonians we have no = (1, 0 , . . .  , 0) and (My,  y} = 

MlY21 . Clearly det M = 0 but since the perturbat ion does not depend 

on (Y2,... , Yd), the theorem holds also in this case. 

The proof of this theorem will be done by reducing it to theorem B 

described below. 

Statement o f  theorem B 

Consider instead the Hamiltonian system given by 

2 3 2 
Ho(x, y) = (w, y'} + T y l  + f ( x l )  + 2(m, Y'}Yl + (My' ,  y'}, (5) 

where x = (Xl, x') E T d, y = (Yl, Y') E R d. 

We shall assume that  

](n,c~)l > Kin[ -~, Vn �9 Zd-a\{O}, (6) 
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for some r > d - 2, K > 0. We also need a non-degeneracy condition: 

det -2- m m* M = 7 4 0 a n d S > 0 .  (7) 

The function f should have a unique and non-degenerate global max- 

imum at some Point, and satisfy a smoothness condition. We require 

tha t  it is analytic and 

f(O) = f'(O) = 0 and f"(0) = -c~ 2, a > 0, 

(5 = max{f  (Xl): Xl critical point ~ 0} < 0, (8) 

sup If(xl)l  _< 1. 
]Imx t [<r 

So the Hamiltonian vector field JVHo has a hyperbolic invariant 

torus of dimension d - i at Xl = Yl = O, y' = O. The separatrices are 

given by 
1 

Yl = <~V/ - -2 f (xa )  �9 

T h e o r e m  B. Suppose Ho satisfies (5-8). Then there exists a constant el 

such that if the analytic function H satisfies 

[HID = sup lg l  < el, 
D 

2 
D = D ( r , s ) = { ( x , y ) : l I m x l  < r ,  lyl < s } ,  s > ~ ,  

then the system Ho + H has an invariant hyperbolic torus whose induced 

vector field is analytically conjugate to a Kroneeker flow with frequency 

vector co and whose stable and unstable manifolds intersect along at least 

d different orbits. 

The constant el depends only on ]Ho-(w,} lD,  min(r,s),~,/~,~/,5 

and the diophantine constants K, ~-. 

The assumption on the  domain, i.e. s > ~, serves only to assure 

that the perturbed Hamiltonian is defined in a neighbourhood of the 

separatrices. 

The important point, which permits the deduction of theorem A 

from theorem B, is the independence of Sl on the norm of co when 

this norm becomes large. If we permitted el to depend on Icol then 
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the intersection would be a pure per turba t ion  problem which could be 

detected by the variational equation. In our case we need a more global 

argument.  

Even though exactness is not mentioned in the theorem it plays 

an essential role in the proof  so we will recall the definition and some 

elementary properties. 

Exact symplectic transformations 
Consider the one-form 0 = -Ey idx i .  A mapping X is symplectic if x*O-O 

is closed and it is exact symplectic if this one-form is exact, i.e. = de  for 

some function r Since phase space is not simply connected there are 

closed one-forms that  are not exact, and there are symplectic mappings 

that  are not exact. However, the flow m a p  Xt of a Hamil tonian system 

J V H  is always exact because 

x;O - 0 = x*~O)ds = x s ( d O j J V H  + d (OjJVH))ds  

t 

/o* = d Xs (H + OJ J V H ) d s .  

One verifies easily that  a composit ion of two exact symplectic trans- 

formations is an exact symplectic transformation.  

The important  proper ty  that  we shall use is tha t  an exact trans- 

formation which is Cl-close to the identity has a generating function. 

Suppose (5:, 9) = X(x, y) and let 9d2 - ydx  = de(x,  y). Let 

r  y) = r  y) - y(2 - x) 

and consider r as a function of ~, y through 

= y)  x = p ( 2 ,  y ) ,  

which is possible because X is Cl-close to the identity. Then 

~ c  = x - -  - -  

0 ' Y 
or 9=y+ 
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Outline of the paper 

The proof will proceed along the following lines. In section 2 we reduce 

theorem A to theorem B and in the rest of the paper we shall prove 

theorem B. 

In section 3 we formulate a local result - proposition 1 - which 

gives the invariant torus and the local asymptot ic  manifolds in exact 

symplectic coordinates. We then follow up these local coordinates along 

the unstable manifolds. In doing this we have to compare the time-T- 

maps of the averaged system and the per turbed system for some fixed 

time T, independent of c and cJ. The fact tha t  these two vector fields 

may be large, due to the factor co, is of no importance and these two 

mappings are c-close, independent of la~l, in the Cl-norm. We then 

obtain an exact symplectic mapping which is arbitrarily Cl-close to the 

identity as c --* 0 and which takes (a part of) the local stable manifold 

into the global unstable manifold. Using a generating function we then 

reduce the intersection problem to the existence of critical points of a 

cl-function on T d-l. 

In section 4 we reduce proposition i to a perturbation result on 

normal forms near an invariant hyperbolic torus - proposition 2. This 

normal form is given in exact coordinates and is somewhat more refined 

than we have seen elsewhere so we give a rather brief proof of it in 

section 5. The proof differs in no essential way from that in for example 

[a]. 

2. Theorem B Implies Theorem A 
Consider now Ho + c2H satisfying (1-4). We shall t ransform it to a 

Hamiltonian satisfying the setup (5-8) of theorem B. 

First of all we can assume tha t  no = el = (1 ,0 , . . .  ,0)*, i.e. tha t  

the frequency vector is of the form (0, oJ) with oJ E IR d-1 diophantine. 

In order to see this we choose C C Sl(d,Z)  such tha t  Cno = el = 

(1 ,0 , . . .  ,0)* - such a matr ix  always exists since no is primitive, i.e. 
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(n, w} = 0 implies tha t  n E h o e  [12]. Then the change of variables 

(z,y), (C*z,C-ly) 
is defined o n  T d • ~{d and transforms Ho to a function of the same 

form satisfying (1-3) with no = el - M and K will of course depend on 

the choice of C. The function f gets t ransformed to the corresponding 

function for the t ransformed system, still satisfying (4), and becomes a 

function of Xl only. 

Secondly we can assume that  f at tains it maximum at Xl = 0 and 

that  this maximum is 0. 

Now Ho + s 2 H  will be defined on some complex domain 

D = D ( r , s )  = { (x ,y ) :  ]Imx] < r, [y[ < s}. 

and we can assume that  K, r, s < 1, and ]HolD =< 1. 

An averaging transformation 
We shall now construct  a solution S = S(x), R = R(x ,  y) C O(y)  of the 

equation 

{S,  Ho} = H - f - R ,  

where { ,  } denotes the Poisson bracket with respect to the symplectic 

form. Expressed in Fourier coefficients the equation becomes 

{S, Ho - (w, .}} = H ( x ,  y) - H ( x ,  O) - R .  

Standard  est imates of small divisors (see [13]) together with Cauchy 

est imates of derivatives give 

1 1 
]S]D(r_p,s) < C K - - - ~ I H I  D, ]R]D(r-2p,s-~) < C Kp,+2cr[HID. 

The constant  c only depends on ~-. In the sequel we shall denote all 

constants that  only depend on 7 by the same letter c - the dependence 

on d is controlled by the dependence on T, since 7 > d - 2. 

The t ime-t-map Ct, 0 < t < 1, of r preserves x and maps 

D ( r  - 3p, s - 3or) --+ D ( r  - 3p, s - 2~), 

if jus t  r < cKpr+2cr. 
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We now transform the system Ho + c2H by the map r 

(Ho + e2H) o r _ (Ho + e2(f  + R)) = 

= -~(Ho + e2tH + e2(1 - t ) ( f  + R)) o Ctdt 

1 

= e4 fo { tH + (1 - t ) ( f  + R), S} o Ctdt = e4H1 . 

and an easy est imate of the error gives 

IHllD(r-3p,s-3~) < c(Kp~-+2~ -2" 

If we now let 6p = r and 6a = s, then  the t ransformed system Ho + 
c2(f  + R) + e4H1 is defined on D (~, i)" 

A scaling 

We now do a scaling, replacing y by r and dividing the system by ~2. 

The t ransformed system is Hamiltonian and given by an integrable part  

(~ y') + (My, y) + f (x l ) ,  y = (Yl Y') 

which satisfies (5-8), plus a per turbat ion te rm H2(x, y, e) which consists 

of H1, R and terms of order > 3 in Ho, and which is defined on D (~, ~ ) .  

If e < �88 2 = 2(Mel,  el),  then  

D , D D  , 

and on the domain D (~, ~) we have 

11t2( x, Y)I < c(e2(Kr~+2s) -2 + e(KC+2s2/3) -1 + e(/3s) -3. 

Hence all conditions of theorem B are fulfilled and this proves theo- 

rem A. 

3. Reduct ion  to a Local  Problem 

Consider now Ho as given by (5-8) and let 's write 

(xl, Yl, x', y'). Let 

B(r)  = {(x, y, ~, r/): Ixl, lyl, Iwl, IIm~l < r}. 

(x,y,~,v) for 
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If  now r < s, as we can assume,  t h e n  Ho is defined on B(r)  and  we can 

use the  following proposi t ion.  

Proposition 1. There exists a constant e2 such that i f  

IHIB(r) < e < e2, 

then there exist constants a, b and an exact symplectic transformation 

4): B (Rr )  --~ B(r)  such that 

2 
(Ho + H)  o 4) = const. +(w, ~7 - a) + bh(x, y + ~ ( m ,  r]))+ 

I 

2 (m, rl}), ~] - a), h(x, y) = y2 + f (x ) ,  + o2(h(z, y + -~ 

and 

14) - idtB(R) + ]a] + Ib - 11 < Ae. 

The constants e2 and A depend only on IHo - <w, )tB(r), r, a, 13, % 

K ,  T, and R only depends on ]Ho- <w, )lB(r), r, a , /3.  

We shall a r range  these  coordina tes  somewha t  more using the  fol low- 

ing l emma  which can be proven by a power series expansion bu t  which 

is also a par t i cu la r ly  simple case of a theorem of R/ i s smann  [14]. 

L e m m a .  There exist an exact symplectic transformation ~, defined in 

a neighbourhood of the origin, and an analytic funct ion g such that 

h(p(x ,  y)) = g(xy), with ~(0) = 0 and 

) 
Let  n o w  

2 2 

4)2: (x ,y ,~ , r / )  -+ (~(x,y),~,~]). 

(~ = 4)1 o 4)2 is exact  symplect ic  and  satisfies 

(~(B(RlS)) C B(s)  and  (~-I(B(R2s))  C B(s) ,  Vs < r, 

where R1 and  R2 only  depend  on IHo - (w,)lB(r), r, c~,/3. Moreover 

(Ho + H)  o 4) o ~) = const. +(w, r / -  a} + bg(xy) + 02(g(xy) ,  ~l A a). 
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Proof  o f  theorem A. For simplicity we shall assume tha t  the irrelevant 

constant in ( H o + H ) o r  is zero, thus saving a letter. We can Mso assume 

tha t  r < s so tha t  D(r, s) D B(r)  - otherwise we have to replace r by 

rain(r, s). If now 

]H]D(r,s) < ~ < ~2, 

then the existence of the invariant hyperbolic torus and its two asymp- 

totic manifolds follow from proposition 1 so we must only consider the 

intersection. 

Let [IN be 

2 2 
( ~ , u - a )  + bh(x,y  + - ~ ( m , a ) )  + 2 b ( m , ~ - a ) ( y  + -~(rn,  a))+ 

+ b(M(u - a), (7 - a)) 

The invariant torus and its local asymptot ic  manifolds, as well as the 

dynamics on them, are the same for HN and (Ho + H) o r but  HN is 

a globM Hamiltonian,  defined everywhere with the only restriction tha t  

IImxl < r. The vector field J V H N  equals a constant  part  JV(w ,  ~ - a) 

plus a part  which is essentially independent on w - it depends on w only 

through a and b. If X N is the flow map of J V H N  an easy estimate of 

the variational equation gives tha t  

x (z) < cAl'b LIz'- zl. 

if Imz = 0 and IImz'[ < cA1Lbtlr, where z is shor thand for (x,y,~,~?). 

The constant A1, as well as the following constants, depend on the same 

parameters as A. 

In the same way we get for the flow map ~t of JV(Ho  + H) tha t  if 

z E D(r, s) then 

Xt(Z) -- xN(z)  < A2eAlltle, 

as long as the two flows remain in D(r, s). 
Consider now two ~-sections 

(Xl, Yl, ~, a) E B(Rr)  

X l > l  

2 (re, a)) = 0 h(xl ,  Yl + -ff~ 
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and 
(x2, Y2, ~, a) �9 B(Rr) 

x 2 < l  
2 

h(x2, Y2 + ~ ( r n ,  a)) = 0. 

There is a positive number T such that  for all 

z (xl, yl,  a) 

where ~ depends on ~. The number 

= l f x X 2 ~ d u  < 
T I 

= (x2, y2, 3, a), 

T is easy to compute: 

47~ ( ~  ~ 1 )  
7m x , , 

if 2sA < 1. Since xl  and x2 only are restricted by the condition that  IXll, 

lYll < Rr, we get an upper estimate of T that  only depends on the same 

parameters as A, plus 6, but which is independent of ~. Consider now 

XT o r o XNT o r  where r is given by proposition 1. This mapping 

takes the local stable manifold of J~Y(Ho + H) near ~(x2, Y2, Td-l~ a) 

into its global unstable manifold. So we must show that  the image 

under this map of the local stable manifold intersect itself. Consider 

therefore r = @-1 o XT o r o XN_T which is the same map expressed in 

the coordinates given by r We must show that  @, which is defined in 

the complex domain 

1 
~ : l x -  x2] + ] y -  Y2] + [Im~[ + ]~/] < c~. 

satisfies 

where 

v ( n n r ) n r #  o, 

2 
r : h ( x , y +  ~ ( m , a ) )  = 0,~ �9 T d-l ,  r ]  = a .  

Notice that  r is exact symplectic, that  

]~ -- id[~ < A3s , 

and that  

(Ho + H) o @(F) = (Ho + H) o ~(~(r))  = 0. 
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We shall formulate this intersection problem in the coordinates pro- 

vided by ~, so let 

(X0, 0, T d- l ,  a) = ~-1(x2, Y2, Td-1, a) 

and 

~t__-- ~-i okgo~. 

(This requires that the point (x2, Y2, ~, a) belongs to the domain of ~, 

and this is an w-independent condition on x2.) ~ is defined in the 

complex domain 

1 
a': Ix -- x3l + lyl + IIm~l + lr/I < A4a2 

and 

14 - idl~, < A5c.  

Moreover ~ is exact symplectic, being a composition of such transfor- 

mations, and 

G(~(~ n if)) = G(~ n ~') = 0, 

where F = ~ - l ( P )  and G = (Ho + H)  o q~ o 82. 

There exists a generating function ~b(5:, y, ~, r/) defined in 

1 i Td_ 1 15:- xo)l + lyl + I~1 < ~A4e2,  ~ e , 

such that ~ is given by 

5: = x - % ,  

Y = 9 - ~ ,  

~ - - r  
= ~ - ~ .  

Let now r] = a, y = 0, 5: = x0. By a theorem of Ljusternik-Schnirelmann 

- see [15] for a proof- there exist at least d points ~ such that 

~(xo, 0, ~, a) = 0. 

Hence at such a point we have ~/= r / =  a and we get from G(~(F)) = 0 

tha t  g(xofl) = 0. Since ]Yl = lY-~)I ~ e i t  follows tha t  xo~ = 0 for 

c small enough, and since x 0 r 0, 9 must be zero. This proves the 

intersection of the asymptot ic  manifolds. [] 

We can easily get transversality of the intersection for c less than 

some ~l(Ho) if H satisfies some (generic) Poincar6-Melnikov integral 
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condition. The problem is tha t  ~l(Ho) tend to become exponentially 
1 small with ~ so we can not apply this to our original problem. But one 

can easily prove that  the invariant hyperbolic torus as well as its local 

asymptotic  manifolds, as given by proposition 1, depend analytically on 

Iwl, so the distance between the stable and unstable manifolds in, for ex- 

ample, the section ~ = ~0, x = ~r also depends analytically on ]w t. Since 

this distance will be ~ 0 for some G0 and some Iwl, it must be non-zero 

for almost all ]w I. So this argument  allows us to conclude generic split- 

ting in our original problem. This non constructive argument,  however, 

does not give us transversali ty of the splitting. 

4. Proof of  Proposition 1 
We define the normal forms H ( r ,  p_, w) as the set of analytic functions 

N,  defined on B(r),  of the form 

No + (~, ~> + ,~xv + ~ l ( x y )  2 + 2(M2, ~>xV + (M3~, ~) + O3(xV, ~), 

where NO and ~ are constants and where Mi = Mi(x,  y, ~) and 

-1 
I/~{ > /-t I , 

Idet[M3(O, O, ")]l > #2] ,  

IN  - No - (~, ">lu(~) < m .  

Here [] denotes the meanvalue 

[g] : ]Td_ 1 g(()d{. 

Proposition 2. Let N E Af(r, p, w) and let w be diophantine with con- 

stants BI, T. Then there exists a constant e3 such that if 

]HtB(~) < c < c3, 

then there exist a constant a and a symplectic transformation ~: B (~) -+ 

B(r)  such that 

( N + H )  o ~ E . N  ,2~_,w 

and such that {~ o Z~ 1 is exact, where 

Ta: (x , y ,~ ,# )  ' > (x,y,~,rI  + a), 
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and 

- idlB( ) + la] < 

The constants ~3 and A depend only on r, it, K, ~-. 

Proof of proposition 1. Consider now Ho as in proposition 1, 

Ho = (w, 71} + h(x, y) + 2(m, 71}y + (MT1, 71>. 

By the t ransformation ~: B(Rlr )  ~ B(r) defined in the previous section 

we get 

Ho o ~ = (w, ~l) + g(xy) + (M3rh ~l) 

= (w, ~) + axy + Ml(xy)  2 + <M3v, V) + O3(xy), 

where a = c~/3 and det M3 = 2"y~ -2. 

Now we can apply r o Ta  1 given by proposition 2, 

(Ho + H) o ~ o r o T a  1 = <w, r] - a> + ~' xy  + O2(xy, q -- a), 

module an additive constant.  Since 9(xy) = 0 if and only if xy  = 0 when 

r is small enough, independent  of a;, the t ransformed function can be 

wri t ten as / 

(w, ~l - a> + -~g(xy) + 02(g(xy),  ~7 - a). 

Moreover, using the estimates of r one verifies tha t  [~t _ ~[ < Ate, where 

A t depends on the same parameters  as A. Hence 

~ - -  < #1A1 ~. I 

{R Rlrl  Now we consider ~ - I : B  ~ 2 ~ - }  -+ B (~_5). Then  

e (m,  ( H o + H )  o(~ or o T a  1 o ~,-1 = <w,7/- a> + ~ h ( x , y +  

2 
+ 02(h (x , y  + ~ < m ,  ~7>), 7 / -  a) 

and proposition 1 is proven, with R = R2 ~ .  [] 

5. Proof of  Proposition 2 
Given an analytic function F = Eak,l,m(~)xkyt~7~ in B(r) ,  we decompose 

it into its homogeneous components  F = E(F) j  where (F)j  is the sum 
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of all terms in the Taylor series with min(k, l) + Iml = j .  Notice that  the 

Poisson bracket {Fj, Gk} may not be homogeneous bu t  tha t  

( {F j ,Gk} ) i=O,  i < _ j + k - 2 .  

We decompose (F)j further as (F) 0 + (F) 1 + (F) 2 consisting for terms of 

which k = l, k > l, k < l respectively. When  there is no risk for confusion 

we shall write F)  for (F)}. This will be the case for all indexed functions 

below except for M1, M2, M3 and their tilde-versions. 

We now turn  to the proof  and we first notice that  we can assume 

without  restriction that  #i > 1 and r < 1. Notice also that  ~- > d - 2. 

W e  first determine a such that  

2[M3(0, 0, .)]a + [0vH(0, 0 , . . .  ,0)] = 0. 

By the assumption on M3, such an a exists and 

#2#~ o lal < % 2 - ~ o ,  

- c here and below denotes a constant  tha t  only depends on 7-. In 

particular,  Ta: B1 --+ BO, where Bj  = B(r  - jp), if 

C < C 1 p 2 r + 2  

. 2 . ~  " 
We shall take v = 2Sp. 

Write now ( N + H ) o T a  = N + / / ,  N- = N + @ ,  a). We have H = F + G  

with 

F = 2(M2, a)xy + 2(M3~, a> + OvN(x, y, ~, n)a + H(x ,  y, ~, 7), 

G = (M3a, a) + (fq-(x, y, ~, TI + a) -- N(x ,  y, ~, ~7) - Ovfi(x, Y, ~, ~)a)+ 

+ (H(x,  y, ~, V + a) - H(x ,  y, ~, ~)), 

where N = N - (N O + N1 + N2), and 

]FIB 1 < c ( ~ [ a , + r 1 6 2  

lalB= < c lal + ~lal < (e') 2. 

Notice tha t  the mean value 

[o,F(0, 0 , . . . ,  0)] = 0, 
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by construct ion of a. 

Now we want  to de termine  S = So + S1 and R = R0 0 + RIO + /~ ,  
/~ E O2(xy, r~), such tha t  

{ S , N }  = F -  R, IR ~ + R~ = R ~ + R~ 

i .e. 

{ SO, N1 } = F0 -- R 0 , [R0 0] = R 8 

{Sl ,N1} = F 1 - ( { S 0 ,  N2})I - -  R10,[!~I 0] = R10 

0----(F -- f 0 -- F 1 ) - { S 0 ,  N2 -t- 2~?}+({S0, N2})1 -{S1 ,  N2 + fi(}--/~. 

The  first equation becomes 

wO~S 0 = FO0 - RO, R 0 = [F(0 ,0 , . . .  ,0)] 

~xox4 + ~o~s~ = F~ 

The  first equat ion can be solved in Fourier series in ~ and the  solution 

is es t imated  by s t andard  small divisor est imates ([15]). The  second 

equat ion is expanded  in power series in x and each coefficient can be 

solved in Fourier series in ~ and easily es t imated  because ~ ~ 0. The  

thi rd  equat ion is solved in the  same way and the outcome is 

IS01B2 < c~4~ ', Ro ~ < ~'. p~ 

where/~4 = max (#1, 1 ) .  

The  second equation is of the  same kind. We just  need to es t imate  

({So, N2})1 by Cauchy est imates  in B3, and we get 

#3P~ ~ #3p4 , ISllB~ < c p 2 - - ~ ,  RIO B3 < co-~-~c. 

Notice tha t  RIO is independent  of r] by the  const ruct ion of a. 

For the  third equation we get by a simple Cauchy est imate  tha t  

2 2 
/t3/~4 ., 

/~B5 < Cp2--~-~ �9 
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From Cauchy  es t imates  of the  derivatives of S in B5 we get an  esti- 

m a t e  of the  t ime- t -map  q)t of J V S .  It  gives for 0 < t < 1 

~t: B7 ___+ B6 

PL3P~4 2 / 
~t  _ id B6 < C p ~ + 3 r  

if jus t  

C p2~-+4 

C I < ~t3~t2 ~ " 

Hence, the t ransformed Hamil tonian 

i 

(fig + _/7/) o ~1 _ (j~ + _/~) = f0 ({t/E/+ (1 -- t )R,  S} + a )  o ~tdt = 

is defined in B7 and  verifies 

3 4 

f Z  B7 < c ; ~ k ~  ) �9 

Let ' s  now consider 2V + _R = N + <w, a} + R which is of the  form 

No + <~, a> + R ~ + <C~, ~> + ~xy + M~txv?+  

+ 2<M2, ~>xy + <Ma~, ~> + O3(xY, ~), 

where c~ and  ?~ are cons tan ts  and  & = w by the  choice of a. The  differ- 

ence ?~ - n can be e s t ima ted  by the  second order  derivatives of R1 and  

f /3(0,  0, ~) - M3(0, 0, ~) by the  second order  derivat ives o f /~ .  F ix  now 

1 < u < 2. T h e n  one verifies easily t h a t  

1 
l~l > - - ,  

1 
det[]k/a(0 , 0, ")] > - - .  

fi( + R - (No  + (w, a> + R0)  - {w, .> Bs < up3  , 

if jus t  
/ / - -  1 ^4T+6 

a I < C -U4~. 2 p " 
#2/~3 /~4 

To summar ize  this  we now a b a n d o n  the  homogeneous  no ta t i on  

different indices will f rom now on s imply denote  different functions.  Let  
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p = r  2-g, r l  = r,  r2  = r,  r = r and  u2 = u. T h e n  we have cons t ruc ted  a 

cons tan t  a2 and  an  exact  symplect ic  mapp ing  622 such t h a t  

and  

wi th  

Moreover 

Ta2 o 622: B(r2)  --* B ( r l ) ,  

(N + H)  o Ta2 o 622 = N2 + H2 

N2" c N1 (r2, "2_~, w), 

2 3 4 62. 
H2 B(r2) < CO (rl  -- ~ 1 2  

lz21z~ 
la21 < co (r l  -- r2) 2r+161 

and  

All this  holds under  the  condi t ion  t h a t  

1 u - 1 r2)6r+ 8 61 < ( r l -  . cO , 2, 2T+3, 2 
t*2t*3 t~4 

The  rest is now an  easy calculat ion.  Let  

= (1 + 2 - k + l ) ~ ,  r k  

Vk = 1 + 2 - k ,  u 2 . . .  t] k / ~  u ~  E]I, 2[, 

~_(k + 1) = Uk+l#(k) = v 2 . . .  Uk+lP_, 

#2 (k)2pt3 (k)2T+5tt4 (k) 4 02 
6k+l=C0 - " k + l J  ok,61 

z " r+2.  2 
2#3 tt4 

o 62 2 --  idlB(r2)" < CO (rl  -- r2 "4r+5 6 1 " )  

= 6 .  

In order  to  cont inue  the  above cons t ruc t ion  inf ini tely m a n y  steps we 

need t h a t  

1 Pk+l -- i 

6k < co #2(k)2#3(k)2~_+3#4(k)2 ( rk  --  rk+ l )  6r+8. 

The  r ight  h a n d  side of this  inequal i ty  is larger t h a n  B Y  k where 

B -  c0 '  2 ,2T+3,2  ' Y =  
m2t*3 t*4 
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k 2 If we now let dl = cl and dk+l = A X  d k with 

2 27+5 4 
A=co #2#3~#4 210~-+23 , X = 28T+12 , 

then dk > ek so it suffices to verify that  dk < B Y  k for all k. But  this 

clearly hold if e < B Y  and e < (AX2) -1, i.e. if 

r8r+12 
c < c 1 2 2T+5 4" 

/-t2/z3 #4 

So under this assumption on e we can do the above construct ion 

infinitely many times and construct  a sequence 

(Ta2 o o . . .  o (Ta  k o 

with a subsequence converging to a symplectic mapping ~: B (~) --* B(r)  

such that  

(N + H ) o  (I' C JV'I ( 2 2# ,w)  

�9 . ~-+2, 2 
c/~2/~3 t~4 c 

[r - idlB(~ ) < r~r , 

#2#~ 
la[ < cr2--; c,a= r ak. 

4~ is not exact bu t  (I) o T a  1 is, because it is the limit of 

T-1  (Ta2 o (I) 2 o T~  1) o . . .  o (Ta2+...+a k o (~k o a2+. . .+ak  ) , 

which is a composit ion of exact diffeomorphism, hence exact. This 

proves proposit ion 2 and completes the proof  of our theorem. [] 

N o t e  a d d e d  i n  p r o o f  

The problem of the intersection of the stable and unstable manifolds 

for hyperbolic tori of arbi t rary dimension mentioned in the introduction 

has been solved by S. Bolotin using quite different variational methods.  

A c k n o w l e d g e m e n t  
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